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analytic model (approximate) disk (Mach) shock transonic flow plumes (underexpanded) flow-fields supersonic nozzles 20 ABSTRACT (Continue ~ reverse side ff neceeea~ ~d Idenrt~ by b|ock numbe~ An approximate analytical model has been developed for computing the first cycle of the shock structure in plumes from underexpanded axisymmetric supersonic nozzles.
The physical basis of the model is the same as that of the Abbett model, i.e., the Mach disk location is determined by the coupling of the flow in the vicinity of the Mach disk with the reaccelerating transonic flow downstream of the disk.
However, instead of the Abbett 
INTRODUCTION
Numerous experimental investigations (e.g., Refs. I through 4) have defined the general structure of the axlsymmetrlc plume which is formed when the flow from an underexpanded sonlc or supersonic nozzle exhausts into a quiescent amblent medium (Fig. I) . A boundary shock wave is formed by the coalescence of compression waves from the curved Jet boundary. As the boundary shock wave propagates downstream, it becomes stronger and curves toward the axis. For sllghtly underexpanded nozzle operation (pn/p~ < 1.5), the boundary s~ock wave appears to undergo a regular reflection at the axis. As pn/p® is increased, however, the boundary shock no longer undergoes a regular reflection at the axis;
instead, a nearly normal shock wave, called the "Mach disk" or "Rlemann wave", occurs (Fig. I) . The boundary shock, the Mach dlsk and the reflected shock are joined at a trlple point.
Jet Boundar'y-- For moderately underexpanded nozzle operation (pn/p~ up to 10 or 20), the plume shock structure has been observed to repeat wlth increasing distance (Fig. I) . Thus, the flow behind the Math disk reaccelerates to supersonic speeds then passes through another shock system. The observed number of repetitions of the shock system depends on pn/p~, but the invlscld shock wave structure is usually obliterated after two or three cycles by the turbulent mixing layer between the Jet and the ambient fluid.
If pn/p= is very large, perhaps 100, then the maximum diameter of the plume and the diameter of the Mach disk are much larger than the nozzle exit diameter. It is not clear from the available experiments whether the plume shock structure is repetitive at such high pressure ratios. Almost all of the experimental information on plume shock structure has been obtained by optical methods; for highly underexpanded plumes, the shock structure downstream of the first Math disk is obscured by the turbulent mixing along the plume boundary. to P3 = P4 and e 3 = 8 4 ) was written: dp/dxl 3 = dp/dxl4
(1)
That is, the slip line Just downstream of the triple point must allow the flow on either side of the slip line to develop compatibly. The flow upstream of the Mach disk is computed with the rotational method of characteristics. At each axial location in the boundary shock computation, a triple point computation is made to define P3 and e 3 (Fig. 2) .
By assuming that the slip line is a circular arc, dp/dxl4 can be computed, based on only the local properties. Linearized supersonic flow theory is used to compute dp/dxI3. The Mach disk position is established when Eq. (I) is satisfied.
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Although based on a sound physical mechanism, the Peters and The ratio of £I to £2 was found to correlate well as a function of the Mach disk radius, rm/r n. As shown in Fig. 3 , the Fox-Abbett 
Equations (2) Downstream of the maximum sllp llne radius, the sllp llne shape (Fig. 6) is approximately described by (6) is used to establish the geometry of the slip llne. With the known slip llne geometry and the assumption that the subsonic flow is one-dimensional and isentroplc, the pressure distribution and flow angle distribution along the slip llne are established.
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From a point "a" just downstream of the triple point (Fig. 7) , at which the pressure and flow angle are known, a left running characteristic is generated to establish the coordinates and flow properties of point "b" just behind the reflected shock wave. Then the location of point "c" on the slip line is computed with the equation which describes the geometry of the right running characteristic between points "b" and "c"; the axial distance between x and point "c" is typically only a few percent m of £I" All flow properties at point "c" are fully defined by the equations which describe the flow in the one-dimenslonal streamtube. (3) and (4) are used to compute ~I and ~2' rsmax is computed from Eq. (7), and r * S is computed from the isentropic area ratio equation. Equation (6) describes the slip line geometry between Xm and (x m + ~i), and Eq. (8) describes the slip line geometry between (x m + ~i) and (Xm+ 42).
With the inviscid slip line geometry prescribed, the rotational method of characteristics is used to compute the supersonic flow outside of the slip line. The computation is continued downstream until the static pressure on the slip line is slightly less than the sonic pressure for the one-dimenslonal streamtube. Because the supersonic flow field is generated along a prescribed geometry (the slip line), no singularity appears in the solution.
DISCUSSION OF RESULTS
The Mach disk locations predicted with the approximate plume shock structure model are compared with the experimental results of Love, et al., (Ref. 3) In the computations which have been discussed up to this point, the turbulent mixing at the plume boundary has been neglected. Inclusion of the turbulent mixing causes the boundary shock wave to be stronger than in the invlscld boundary case. As a result, the Mach disk is predicted to occur upstream of the location predicted for an invlscld plume boundary. However, as shown in Fig. 8c for M = 1.5, inclusion of the boundn ary mixing changes the predicted value of x by only about five percent. 
CONCLUDING REMARKS
The main objective of this study, to develop a computationally efficient and reasonably accurate analytical model for the first cycle of the plume shock structure, has been achieved. However, acceptably accurate predictions of the Mach disk location can be expected only for pn/p= between 3 and 16, the range for which the slip line geometrical correlations were developed. These correlations must be improved if the Mach disk location is to be accurately predicted for other pressure ratios. Until improved correlation equations are available, it is suggested that, at pressure ratios less than 3, the Mach disk location be established with the Lewis and Carlson empirical equation.
The techniques of the present study can then be used to compute the flow through the transonic region downstream of the Mach disk.
In principle, the present analytical model, as well as the Abbett model, is applicable to the computation of the second cycle of the plume shock structure. However, the flow approaching the second Mach disk is much more rotational than the flow approaching the first disk.
Therefore, the assumption of one-dimensional flow behind the second Mach disk may not be acceptably accurate. In addition, computation of the second cycle should probably include the mixing along the slip line which extends downstream from the first Mach disk. Clearly, the applicability of presently available models to the computation of the second cycle of the plume requires further study. However, further study will be hampered by the lack of detailed experimental information on the flow structure downstream of the first Mach disk.
